Modeling method for a crack problem of functionally graded materials with arbitrary properties—piecewise-exponential model  by Guo, Li-Cheng & Noda, Naotake
International Journal of Solids and Structures 44 (2007) 6768–6790
www.elsevier.com/locate/ijsolstrModeling method for a crack problem of functionally
graded materials with arbitrary
properties—piecewise-exponential model
Li-Cheng Guo a,b,*, Naotake Noda b
a Center for Composite Materials, Harbin Institute of Technology, Harbin 150001, PR China
b Department of Mechanical Engineering, Shizuoka University, Hamamatsu 432-8561, Japan
Received 14 October 2006; received in revised form 16 February 2007; accepted 11 March 2007
Available online 19 March 2007Abstract
A new model, piecewise-exponential model (PE model), is developed to investigate the crack problem of the function-
ally graded materials (FGMs) with arbitrary properties. In the PE model, the functionally graded material is divided into
some nonhomogeneous layers along the gradient direction of the properties, with each layer’s properties varying exponen-
tially. By this way, the real material properties can be approached by a series of exponential functions. Since the real mate-
rial properties are used on both surfaces of each nonhomogeneous layer, the nature of continuously varying properties of
FGMs can be approached accurately. The inﬂuences of the local nonhomogeneity on the crack-tip ﬁelds can be fully con-
sidered. By using the new model, the fracture problem of a functionally graded strip with arbitrary properties and a crack
vertical to the free surfaces is studied. The integral transform method, the theory of residues and the theory of singular
integral equation are applied. Some representative samples with diﬀerent kinds of nonhomogeneous properties are ana-
lyzed and the corresponding stress intensity factors (SIFs) are presented. It is shown that the PE mode is eﬀective for inves-
tigating the crack problems of the FGMs with arbitrary properties.
 2007 Elsevier Ltd. All rights reserved.
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In recent years, FGMs with continuous variation in composition have attracted a signiﬁcant amount of
attention. Compared with the traditional homogeneous materials, FGMs can be used to reduce the mismatch
of material properties and improve the bonding strength and toughness in some important structures such as
the coating-substrate systems. At the same time, lots of challenging problems have been met in the fracture0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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distributed in spatial position, the fracture mechanics investigations of FGMs with arbitrary properties are
especially signiﬁcant.
Lots of crack problems in FGMs have been studied in the past years. The square root character of the
crack-tip stress ﬁeld in FGMs with continuously varying properties has been revealed by Delale and Erdogan
(1983) and Jin and Noda (1994). By assuming the material moduli as exponential functions, Erdogan and his
coworkers studied a series of crack problems in FGMs (see Delale and Erdogan, 1983; Chen and Erdogan,
1996; Erdogan and Wu, 1997). Noda and Jin (1993) and Jin and Noda (1994) investigated the thermal fracture
behaviors of FGMs. In functionally graded structures, mainly the crack parallel to the surface or interface
(including the interface crack) and that vertical to the interface or surface have been investigated. For FGMs
with crack(s) parallel to the surface or interface, many literatures can be found, e.g. Chen and Erdogan (1996),
Li et al. (2001), Guo et al. (2004a), Chen (2005). Among them, Chen and Erdogan (1996) studied the interface
crack problem between the functionally graded ceramic coating and the homogeneous substrate. In their
paper, the mixed-mode crack problem was formulated for a crack subjected to surface tractions. Li et al.
(2001) considered the problem of a cylindrical crack located in the FGM interlayer between two coaxial elastic
dissimilar homogeneous cylinders under the torsional impact loading. For FGMs with crack(s) vertical to the
interface or free surface of FGM structures, some important studies have been conducted. Erdogan and Wu
(1996, 1997) investigated the isotropic functionally graded strip under thermal and mechanical loading, respec-
tively. Chen et al. (2002) and Guo et al. (2004b) studied the dynamic and static crack problem for a function-
ally graded orthotropic strip. Besides these, the functionally graded layered structures with crack(s) vertical to
the interface have been studied by Choi (1996), Choi et al. (1998), Ueda (2001) and Guo et al. (2005). A peri-
odic array of cracks in an inﬁnite functionally graded material under transient mechanical loading was con-
sidered by Wang and Mai (2006). As for the arbitrarily oriented crack in functionally graded structures, some
limited studies have been done, seeing Konda and Erdogan (1994) and Choi (2001). Some elastic wave prob-
lems in FGMs with crack(s) were analyzed by Zhou et al. (2004) and Ma et al. (2005). On the other hand, some
important numerical investigations have been conducted to analyze the crack problems in FGMs with general
properties, including elastic two-dimensional analysis (Kim and Paulino, 2002; Chi and Chung, 2003) and
three-dimensional analysis (Walters et al., 2004).
It should be mentioned that to solve the crack problems analytically, most of the above theoretical inves-
tigations assumed the material properties to be exponential functions. From the viewpoint of fracture mechan-
ics, the governing partially diﬀerential equations for FGMs are usually very diﬃcult to solve analytically when
the material properties vary spatially. In fact, very few functions can be used as material properties to obtain
the analytical solutions. When the properties are assumed as exponential functions, the governing partially
diﬀerential equations can be transformed into the general partially diﬀerential equations with constant coef-
ﬁcients and the analytical solutions are easy to obtain. That is why most of the theoretical analysis of crack
problems in FGMs has been conducted by assuming the properties as exponential functions. Furthermore, a
wider range of crack problem can be dealt with by using exponential functions than using other functions to
depict the material properties.
Since it is nearly impossible to obtain the analytical solutions for the crack problems in FGMs with prop-
erties arbitrarily distributed in spatial position, some approximated methods must be developed. To our
knowledge, for the crack problems of FGMs with arbitrary properties, there are mainly two theoretically
approximated methods. One is the homogenous multi-layered model (HM model) used by Wang et al.
(2000, 2002) and Itou (2001). In their model, FGMs are divided into a number of homogeneous layers with
constant properties along the thickness direction. The other is the linear multi-layered model (LM model)
developed by Wang and Gross (2000) and Huang et al. (2004). In their model, the nonhomogeneous materials
are divided into some sub-layers along the thickness direction with the material properties varying linearly in
each layer. These methods are very signiﬁcant for solving the crack problems of FGMs with arbitrary prop-
erties. On the other hand, it is natural that these methods may have some advantages as well as disadvantages.
Firstly, for HM model, the advantage is simple and convenient for dealing with many kinds of crack problems
in FGMs. However, in the HMmodel the material properties are still discontinuous between each sub-layer. It
is well known that there is usually large stress gradient in the stress ﬁelds of the crack-tip zone and therefore
the stress gradient may be strongly inﬂuenced by the variation of local nonhomogeneity of the properties,
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located in homogenous materials, for the case with large gradient of the properties, the inﬂuences of local
material nonhomogeneity on the crack-tip ﬁelds may not be adequately allowed for and at the same time
the calculating eﬃciency may decrease. Secondly, for the LM Model, since the arbitrary properties can be
approached by a series of continuous piecewise linear curves, the nature of continuously varying properties
of FGMs can be kept both between sub-layers and in each sub-layer. Therefore, the LM model should be
more eﬃcient than the HM model. However, up to now, mainly the problems for an interface crack or a crack
parallel to the surfaces of the FGM structures have been solved by using the LM model. Since the governing
partially diﬀerential equations are diﬃcult to solve analytically for the linearly varying properties, the prob-
lems for a crack vertical or inclined to the interface or surfaces of FGM structures have not been solved by
the LM model. From this point, for the LM model, some diﬃculties need to be overcome to expand its appli-
cable range.
Based on the above analysis, a new model, piecewise-exponential model (PE model), is proposed to realize
the fracture mechanics investigations of the FGMs with arbitrary properties. In this new model, the function-
ally graded material is divided into some nonhomogeneous layers along the gradient direction of the proper-
ties with each layer having properties varying exponentially. By this way, the real material properties can be
approached by a series of exponential functions. The inﬂuences of the local nonhomogeneity on the crack-tip
ﬁelds can be fully considered. By using the new model, the fracture problem of a functionally graded strip with
arbitrarily distributed properties and a crack vertical to the free surfaces is studied. During the theoretical
analysis, the integral transform method, the theory of residues and the theory of singular integral equation
are employed. The present problem is reduced to a system of singular integral equations which can be solved
numerically. Some representative samples with diﬀerent kinds of nonhomogeneous properties are considered
and the corresponding stress intensity factors (SIFs) are presented to check the validity of the PE model.2. Formulation of the piecewise-exponential model (PE model)
The geometry of a functionally graded strip with arbitrarily distributed properties along the thickness direc-
tion is shown in Fig. 1. An internal crack is located perpendicularly to the free surfaces. The thickness of the
strip is h. The crack length is c.
Assuming displacement components in the x-direction and y-direction as u(x,y) and v(x,y), the constitutive
equations can be written asrxx ¼ lðxÞkðxÞ1 ½1þ kðxÞ ouox þ ½3 kðxÞ ovoy
n o
;
ryy ¼ lðxÞkðxÞ1 ½1þ kðxÞ ovoy þ ½3 kðxÞ ouox
n o
;
rxy ¼ lðxÞðouoy þ ovoxÞ;
8>><
>>:
ð1Þwhere l(x) is the shear modulus, k(x) = 3  4t(x) in the case of plane strain, k(x) = [3  t(x)]/[1 + t(x)] in the
case of plane stress and t(x) is the Poisson’s ratio.
The governing equations arex 
y
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Fig. 1. Geometry of functionally graded strip with arbitrary properties.
Fig. 2.
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ox þ orxyoy ¼ 0;
oryy
oy þ orxyox ¼ 0;
8<
: ð2ÞThe boundary conditions of the functionally graded strip arerxxð0; yÞ ¼ 0; 1 < y < 1; ð3Þ
rxyð0; yÞ ¼ 0; 1 < y < 1; ð4Þ
rxxðh; yÞ ¼ 0; 1 < y < 1; ð5Þ
rxyðh; yÞ ¼ 0; 1 < y < 1; ð6Þ
rxyðx; 0Þ ¼ 0; ð7Þ
ryyðx; 0Þ ¼ r0ðxÞ; a < x < b; ð8Þ
vðx; 0Þ ¼ 0; 0 < x < a; b < x < h; ð9Þwhere r0(x) is a known function depicting the loading condition on the crack face.
Since the actual material properties of functionally graded materials may be very complicated and
arbitrarily distributed in the spatial position, Eq. (2) is nearly impossible to solve analytically. The piece-
wise-exponential model (PE model) is proposed as shown in Fig. 2. The graded medium is divided into M
nonhomogeneous layers along the thickness direction with each layer having properties varying exponentially. 
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Piecewise-exponential model for functionally graded strip with arbitrarily distributed properties. (a) Schematic of the layers in the
del, (b) schematic of the approximated material property in the PE Model.
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emphasized that the real material properties are used on both surfaces of each nonhomogeneous layer in the
new model. Therefore, the nature of continuously varying properties of FGMs can be approximated accu-
rately. Fig. 2(a) shows the schematic view of the layers in the PE model. Fig. 2(b) gives the schematic view
of the approximated material property in the PE model.
In Fig. 2(a), the functionally graded region is divided into M layers. Each layer is marked by a subscript n
(n = 1,2, . . . ,M). The layers containing the crack tips are denoted by n1 and n2, respectively. Counting from the
top surface of the structure, the n-th layer is located between the region x = hn1 and x = hn. It should be
noted that h0 = 0.
Thus, according to Eq. (1), the constitutive relations for each layer can be written asrnxx ¼ lnðxÞknðxÞ1 ; ½1þ knðxÞ ounox þ ½3 knðxÞ ovnoy
n o
;
rnyy ¼ lnðxÞknðxÞ1 ½1þ knðxÞ ovnoy þ ½3 knðxÞ ounox
n o
;
rnxy ¼ lnðxÞðounoy þ ovnox Þ:
8>><
>>:
n ¼ 1; 2; . . . ;M ð10ÞAccording to the previous studies (Delale and Erdogan, 1983) and (Paulino and Kim, 2004), for the present
problem it is reasonable to assume the Poisson’s ratio as a constant. Thus, we have kn = k = 3  4t (plane
strain) and kn = k = (3  t)/(1 + t) (plane stress).
The real shear modulus of the functionally graded strip with arbitrary properties islðxÞ ¼ f ðxÞ; ð11Þ
where f(x) is a known arbitrary real function. If we assume the shear modulus of each layers in Fig. 2 aslnðxÞ ¼ ln0ednx; n ¼ 1; 2; . . . ; M ð12Þ
and use the real material properties on both surfaces of each layer, then we havelnðhn1Þ ¼ f ðhn1Þ ¼ ln0ednhn1 ;
lnðhnÞ ¼ f ðhnÞ ¼ ln0ednhn :

n ¼ 1; 2; . . . ; M ð13ÞFrom the above two equations, ln0 and dn can be solved asdn ¼ 1hn  hn1 ln
f ðhnÞ
f ðhn1Þ
 
; ð14Þ
ln0 ¼ f ðhnÞednhn : ð15Þ
In the new model, the boundary conditions (3)–(9) can be transformed in to the following forms:r1xxð0; yÞ ¼ 0; 1 < y < 1; ð16Þ
r1xyð0; yÞ ¼ 0; 1 < y < 1; ð17Þ
rMxxðhM ¼ h; yÞ ¼ 0; 1 < y < 1; ð18Þ
rMxyðhM ¼ h; yÞ ¼ 0; 1 < y < 1; ð19Þ
rnxyðx; 0Þ ¼ 0; n ¼ 1; . . . ; M ð20Þ
rnyyðx; 0Þ ¼ r0ðxÞ; a < x < b; n ¼ n1; . . . ; n2; ð21Þ
vnðx; 0Þ ¼ 0; 0 < x < a or b < x < h: ð22ÞIn the new model, the displacement and stress continuity conditions can be written asunðhn; yÞ ¼ unþ1ðhn; yÞ;
vnðhn; yÞ ¼ vnþ1ðhn; yÞ;

n ¼ 1; 2; . . . ; M 1; ð23Þ
rnxxðhn; yÞ ¼ rðnþ1Þxxðhn; yÞ;
rnxyðhn; yÞ ¼ rðnþ1Þxyðhn; yÞ;

n ¼ 1; 2; . . . ; M 1: ð24Þ
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od, leads to the following expressions of the displacement components.unðx; yÞ ¼ 12p
R1
1
P2
j¼1
En1jðsÞAn1jekn1jyisx dsþ 2p
R1
0
P4
j¼1
En2jðaÞAn2jekn2jðaÞy cosðayÞda;
vnðx; yÞ ¼ 12p
R1
1
P2
j¼1
F n1jðsÞAn1jekn1jyisx dsþ 2p
R1
0
P4
j¼1
F n1jðaÞAn2jekn2jðaÞy sinðayÞda;
8>><
>>:
n ¼ 1; . . . ; M :
ð25Þ
Here, the displacement components in (25) are only for y < 0. It is for the reason that the structure in Fig. 1 is
symmetric about x axis and it is enough to consider only the left half part. In expressions (25), s and a are the
Fourier variables, En1j, Fn1j(n = 1, . . . ,M; j = 1,2) and En2j, Fn2j(n = 1, . . .,M; j = 1, . . . , 4) are known expres-
sions shown in Appendix A. An1j (n = 1, . . .,M; j = 1,2) and An2j (n = 1, . . . ,M; j = 1, . . . , 4) are unknowns
to be decided.
By using the constitutive relation (10) and displacement expressions (25), the following stress components
can be obtainedrnxxðx; yÞ ¼ ednx 12p
R1
1
P2
j¼1
Bn1jðsÞAn1jekn1jyisx dsþ 2p
R1
0
P4
j¼1
Bn2jðaÞAn2jekn2jðaÞx cosðayÞda
" #
;
rnyyðx; yÞ ¼ ednx 12p
R1
1
P2
j¼1
Cn1jðsÞAn1jekn1jyisx dsþ 2p
R1
0
P4
j¼1
Cn2jðaÞAn2jekn2jðaÞx cosðayÞda
" #
;
rnxyðx; yÞ ¼ ednx 12p
R1
1
P2
j¼1
Dn1jðsÞAn1jekn1jyisx dsþ 2p
R1
0
P4
j¼1
Dn2jðaÞAn2jekn2jðaÞx sinðayÞda
" #
;
8>>>>>><
>>>>>>:
ð26Þwhere the known coeﬃcients Bn1j, Cn1j, Dn1j (n = 1, . . . ,M; j = 1,2) and Bn2j, Cn2j and Dn2j (n = 1, . . . ,M;
j = 1, . . . , 4) are given in Appendix A. kn1j and kn2j are the roots of the characteristic equations listed in Appen-
dix A. Without loss of generality, the above characteristic roots are arranged as Re(kn21,kn22) > 0 and
Re(kn23,kn24) < 0 (n = 1,2, . . . ,M).
For further derivation, we introduce the following auxiliary functiongðxÞ ¼ ovnðx; 0Þ
ox
; a < x < b; n ¼ n1; . . . ; n2; ð27ÞwheregðxÞ ¼ 0; x 62 ða; bÞ; ð28ÞZ b
a
gðxÞdx ¼ 0: ð29ÞUsing the condition (20) and rnxy in Eqs. (26), we haveX2
j¼1
Dn1jAn1j ¼ 0; n ¼ 1; . . . ; M ð30ÞSubstituting Eqs. (25) into Eq. (27) and then using Fourier transform leads toX2
j¼1
F n1jðsÞAn1jðisÞ ¼
Z b
a
gðuÞeisu du ð31ÞBy solving Eqs. (30) and (31), we haveAn1j ¼ qnj
Z b
a
gðuÞeisu du; n ¼ 1; 2; . . . ; M and j ¼ 1; 2 ð32Þ
6774 L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790whereqn1 ¼
ðsþ ikn12En12Þ
ðkn12En12  kn11En11Þs ; qn2 ¼
ðsþ ikn11En11Þ
ðkn12En12  kn11En11Þs ; n ¼ 1; 2; . . . ; M : ð33ÞFrom the boundary conditions (16) and (17), we have the following equations½XnðxÞfAn2g ¼
Z b
a
fC0ðu; aÞggðuÞdu; x ¼ h0 ¼ 0; n ¼ 1 ð34Þwhere½XnðxÞ ¼
Bn21ekn21x Bn22ekn22x Bn23ekn23x Bn24ekn24x
Dn21ekn21x Dn22ekn22x Dn23ekn23x Dn24ekn24x
 
; n ¼ 1; . . . ; M ; ð35Þ
fAn2g ¼ An21 An22 An23 An24f gT; n ¼ 1; . . . ; M ; ð36Þ
fC0ðu; aÞg ¼ R01ðu; aÞ R02ðu; aÞf gT; ð37Þ
R01ðu; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
B11jq1je
isuek11jy ds
 !
cosðayÞdy
" #
; ð38Þ
R02ðu; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
D11jq1je
isuek11jyds
 !
sinðayÞdy
" #
: ð39ÞBy use of the boundary conditions (18) and (19), we have½XnðxÞfAn2g ¼
Z b
a
fCnðu; aÞggðuÞdu; n ¼ M ; x ¼ hM ¼ h; ð40ÞwherefCMg ¼ R03ðu; aÞ R04ðu; aÞf gT; ð41Þ
R03ðu; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
BM1jqMje
isuekM1jyishM ds
 !
cosðayÞdy
" #
; ð42Þ
R04ðu; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
DM1jqMje
isuekM1jyishM ds
 !
sinðayÞdy
" #
: ð43ÞFrom the displacement continuity conditions (23), a group of equations can be obtained½½ZnðhnÞ;½Znþ1ðhnÞ
fAn2g
fAðnþ1Þ2g
 
¼
Z b
a
Rn3ðhn; u; aÞ  Rðnþ1Þ3ðhn; u; aÞ
Rn4ðhn; u; aÞ  Rðnþ1Þ4ðhn; u; aÞ
 
gðuÞdu; n ¼ 1; . . . ; M 1;
ð44Þ
where½ZLðhnÞ ¼
EL21ekL21x EL22ekL22x EL23ekL23x EL24ekL24x
F L21ekL21x F L22ekL22x F L23ekL23x F L24ekL24x
 
x¼hn
; L¼ n;nþ1;n¼ 1; . . . ;M 1; ð45Þ
RL3ðhn; u; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
EL1jqLje
isuekL1jyishn ds
 !
cosðayÞdy
" #
; L¼ n;nþ1;n¼ 1; . . . ;M1;
ð46Þ
RL4ðhn; u; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
F L1jqLje
isuekL1jyishn ds
 !
sinðayÞdy
" #
; L¼ n;nþ1;n¼ 1; . . . ;M1:
ð47Þ
From the stress continuity conditions (24), another group of equations can be obtained
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fAn2g
fAðnþ1Þ2g
 
¼
Z b
a
Rn1ðhn; u; aÞ  eðdnþ1dnÞhnRðnþ1Þ1ðhn; u; aÞ
Rn2ðhn; u; aÞ  eðdnþ1dnÞhnRðnþ1Þ2ðhn; u; aÞ
( )
gðuÞdu;
n ¼ 1; . . . ; M 1;
ð48Þwhere½XLðhnÞ ¼
BL21ekL21x BL22ekL22x BL23ekL23x BL24ekL24x
DL21ekL21x DL22ekL22x DL23ekL23x DL24ekL24x
 
x¼hn
; L ¼ n; nþ 1; n ¼ 1; . . . ; M 1; ð49Þ
RL1ðhn; u; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
BL1jqLje
isuekL1jyishn ds
 !
cosðayÞdy
" #
; L ¼ n; nþ 1; n ¼ 1; . . . ; M 1;
ð50Þ
RL2ðhn; u; aÞ ¼
Z 0
1
 1
2p
Z 1
1
X2
j¼1
DL1jqLje
isuekL1jyishn ds
 !
sinðayÞdy
" #
; L ¼ n; nþ 1; n ¼ 1; . . . ; M 1:
ð51ÞTo make the problem tractable, the next key procedure is to simplify the expressions R01(u,a), . . .,R04(u,a) and
RL1(hn,u,a), . . .,RL4(hn,u,a) (L = n,n + 1; n = 1, . . . ,M  1) in Eqs. (34), (40), (44) and (48). Theory of resi-
dues will be used and the details are provided in Appendix B.
For simplicity, Eqs. (44) and (48) can be written as½HnðhnÞ;Hnþ1ðhnÞ
fAn2g
fAðnþ1Þ2g
 
¼
Z b
a
fCnggðuÞdu; n ¼ 1; . . . ; M 1; ð52Þwhere½HnðhnÞ ¼
½ZnðhnÞ
½XnðhnÞ
 
; ½Hnþ1ðhnÞ ¼
½Znþ1ðhnÞ
eðdnþ1dnÞhn ½Xnþ1ðhnÞ
 
; n ¼ 1; . . . ; M 1; ð53Þ
fCng ¼
Rn3ðhn; u; aÞ  Rðnþ1Þ3ðhn; u; aÞ
Rn4ðhn; u; aÞ  Rðnþ1Þ4ðhn; u; aÞ
Rn1ðhn; u; aÞ  eðdnþ1dnÞhnRðnþ1Þ1ðhn; u; aÞ
Rn2ðhn; u; aÞ  eðdnþ1dnÞhnRðnþ1Þ2ðhn; u; aÞ
8>><
>>:
9>>=
>>;
ð54ÞThus, relating Eqs. (34), (52) and (40), we have½U4M4M
fA12g
fA22g
..
.
fAM2g
8>><
>>>:
9>>=
>>>;
4M1
¼
Z b
a
fC0g
fC1g
..
.
fCMg
8>><
>>>:
9>>=
>>>;
4M1
gðuÞdu ð55Þwhere
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½X 1ð0Þ 0 0    0 0 0
½H1ðh1Þ ½H2ðh1Þ 0    0 0 0
0 ½H2ðh2Þ ½H3ðh2Þ    0 0 0
..
. ..
. ..
. ..
. ..
. ..
. ..
.
0 0 0    ½HM2ðhM2Þ ½HM1ðhM2Þ 0
0 0 0    0 ½HM1ðhM1Þ ½HMðhM1Þ
0 0 0    0 0 ½XMðhÞ
2
6666666666664
3
7777777777775
ð56ÞFinally, from the linear equations (55), the unknowns {An2} (n = 1, . . . ,M) can be expressed through the aux-
iliary function g(u) asfA12g
fA22g
..
.
fAM2g
8>><
>>>:
9>>=
>>>;
4M1
¼ ½W4M4M
Z b
a
fC0g
fC1g
..
.
fCMg
8>><
>>>:
9>>=
>>>;
4M1
gðuÞdu ð57ÞHere½W4M4M ¼ ½U14M4M ð58Þ
Substituting {An2} (n = 1, . . . ,M) into the stress condition (21) on the crack face, we have the integral equationZ b
a
½hn1ðu; xÞ þ hn2ðu; xÞgðuÞdu ¼ ednxr0ðxÞ; a < x < b; ð59Þwherehn1ðu; xÞ ¼ lim
y!0
1
2p
Z þ1
1
Kn1ðy; sÞeisðuxÞ ds; ð60Þ
hn2ðu; xÞ ¼ lim
y!0
2
p
Z þ1
0
Kn2ðu; x; aÞ cosðayÞda ð61ÞandKn1ðy; sÞ ¼
X2
j¼1
Cn1jqnje
knjy ð62Þ
Kn2ðu; x; aÞ ¼ ½W nðxÞfAcn2g ð63Þ
½W nðxÞ ¼ ½Cn21ekn21x Cn22ekn22x Cn23ekn23x Cn24ekn24x  ð64ÞAcn2 is shown in Appendix B Considering the singularity of Eq. (59), an asymptotic analysis is conducted.
When s!1, the asymptotic form of K1(y, s) (y = 0) can be obtained asKn11ð0; sÞ ¼ 4ln0i
1þ k
jsj
s
; n ¼ 1; . . . ; M ð65ÞAdding and subtracting K11 from the integrand, hn1(u,x) can be manipulated ashn1ðu; xÞ ¼ 1p
4ln0
1þ k
1
x uþ kn1ðu; xÞ
 
ð66Þwherekn1ðu; xÞ ¼ 1
2
Z þ1
1
½Kn1ð0; sÞ  Kn11ð0; sÞeisðuxÞ ds ð67Þ
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p
Z b
a
4ln0
1þ k
1
x uþ kn1ðu; xÞ þ phn2ðu; xÞ
 
gðuÞdu ¼ ednxr0ðxÞ; n ¼ n1; . . . ; n2 ð68ÞIn integral equation (68), it should be noted that n is corresponding to the layer in which x lies. Now, the un-
known auxiliary functions in Eqs. (68) can be solved by choosing a numerical method for solving the singular
integral equation.
3. Numerical solutions
Many methods can be used to solve the singular integral equations (68). Here the method from Erdo-
gan and Gupta (1972) is chosen. To reduce Eq. (68) to a standard form, the intervals are normalized by
settingu ¼ b a
2
rþ bþ a
2
; x ¼ b a
2
sþ bþ a
2
ð69ÞFor an internal crack, the solution of Eq. (68) may be written asgðrÞ ¼ f ðrÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1 r2Þp ð70Þ
The singular integral equation (68) can be transform into the following formXm
k¼1
1
m
f ðrkÞ 4ln0
1þ k
1
sj  rk þ
ðb aÞ
2
kn1ðrk; sjÞ þ ðb aÞ
2
phn2ðrk; sjÞ
 
¼ edn ðbaÞ=2sjþðbþaÞ=2½ r0ðsjÞ;
j ¼ 1; . . . ; m 1 ð71Þ
whererk ¼ cos ð2k 1Þp
2m
 
k ¼ 1; . . . ; m; ð72Þ
sj ¼ cos jpm
 
j ¼ 1; . . . ; m 1: ð73ÞFrom Eq. (71), together with the condition (29), the unknowns f(rk) can be solved. It should be noted that the
number n in Eq. (71) is corresponding to the layer which x ¼ ba
2
sj þ bþa2 belongs to. The stress intensity factor
for an internal crack can be obtained byk1ðaÞ ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða xÞ
p
ryyðx; 0Þ ¼ 
4ln10
1þ k e
dn1a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
2
r
f ð1Þ; ð74-aÞ
k1ðbÞ ¼ lim
x!b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx bÞ
p
ryyðx; 0Þ ¼
4ln20
1þ k e
dn2 b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
2
r
f ð1Þ: ð74-bÞ4. Results and discussions
The following analysis will be conducted under the plane strain state. To state the validity of the PE model,
diﬀerent properties deﬁned by some representative functions (including the exponential functions, linear func-
tions, power-law functions) will be considered. Poisson’s ratio is assumed as 0.3. When the real shear modulus
is deﬁned by exponential functions, f(x) is written asf ðxÞ ¼ f0edðx=hÞ: ð75Þ
When the real shear modulus is deﬁned by power-law functions, f(x) is written asf ðxÞ ¼ f0 þ ðfM  f0Þðx=hÞg; ð76Þ
6778 L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790where the representative powers g = 1, 1/2 and 2 will be chosen in the following analysis. Note that when the
power g = 1, the modulus is reduced to a linear function. The Young’s modulus ratio between the both sur-
faces of the functionally grade strip in Fig. 2 is EM/E0 = fM/f0.
Firstly, the curves of diﬀerent functions approached by a series of exponential functions are provided in
Figs. 3–5. Since it’s usually enough to consider the Young’s modulus ratio EM/E0 between 0.1 and 10, this
range will be used in the following analysis. When the real moduli are deﬁned by exponential and linear func-
tions, for two extreme cases EM/E0 = 0.1 and 10, the comparisons between the real properties and the approx-
imated properties by using six layers are shown in Figs. 3a and b, respectively. Moreover, when the moduli are
deﬁned by power-law functions with g = 1/2 and 2, the comparisons between the real properties and the
approximated properties by using eight layers are displayed in Figs. 4 and 5. For the exponential and linear
properties, the thickness of each layer may be same. Note that to make the present method more eﬃcient, the
thickness of each layer may be diﬀerent. More layers can be divided in the zone where the properties vary more
drastically than in other zone. For example, the thickness ratio hn+1/hn may be 1.5 when g = 1/2 and 0.9 when
g = 2. It can be found that the real properties can be approached well by a series of exponential functions.
To verify the PE model, a homogeneous strip with a central crack under the mode-I load (studied by Isida,
1971) is considered. For homogenous materials, the ratio EM/E0 should be close to 1.0. From Table 1, it can
be found that for diﬀerent real properties deﬁned by diﬀerent functions the approximated results agree well
with those of Isida (1971). It should be mentioned that for the symmetry of the structure k1(a)/k0 should
be equal to k1(b)/k0 but their calculated results may be slightly diﬀerent.0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 3. Comparisons between the real properties and the approximated properties by using 6 layers when the moduli are expressed by
exponential and linear functions. (a) EM/E0 = 0.1, (b) EM/E0 = 10.
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Table 1
Normalized SIF for a central crack in a homogeneous strip
c/h Exponential function
EM/E0  1
Linear function
EM/E0  1
Power-law function
(g = 1/2 EM/E0  1
Power-law function
(g = 2 EM/E0  1
Isida
(1971)
k1ðaÞ
k0
k1ðbÞ
k0
k1ðaÞ
k0
k1ðbÞ
k0
k1ðaÞ
k0
k1ðbÞ
k0
k1ðaÞ
k0
k1ðbÞ
k0
k1
k0
0.2 1.017 1.017 1.016 1.016 1.019 1.019 1.019 1.019 1.025
0.3 1.050 1.050 1.048 1.049 1.051 1.052 1.051 1.052 1.058
0.4 1.103 1.103 1.102 1.103 1.102 1.104 1.102 1.104 1.109
0.5 1.182 1.183 1.182 1.183 1.182 1.183 1.182 1.183 1.187
0.6 1.301 1.303 1.301 1.303 1.302 1.303 1.301 1.303 1.303
L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790 6779To verify the results for nonhomogeneous materials, some other comparisons between the theoretical
results and those calculated by using ﬁnite element method (FEM) are provided. In the ﬁnite element method,
to simulate the nonhomogeneous material properties, the real modulus is used at the Gaussian integration
points during obtaining the element stiﬀness matrix. For simplicity, the details of the FEM are omitted. A
functionally graded strip with a central crack subjected to membrane loading is considered. Here, the mem-
brane loading is as depicted in Erdogan and Wu (1997). Namely, a loading Nyy = N is applied along
6780 L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790x = h/2 away from the crack region. The normalized stress is deﬁned as rt = N/h. The loading on the crack
face r0(x) = ry(x). ryðxÞ ¼ 8lðxÞ1þk ðAxþ BÞ. Here, the coeﬃcients A and B are determined from the following
two equations:Fig. 6.
functio
Fig. 7.Z h
0
ryðxÞdx ¼ N ;
Z h
0
ryðxÞxdx ¼ Nh=2: ð77ÞThe comparisons between the FEM results and those from PE model are provided in Figs. 6 and 7. The stress
intensity factors are normalized by k0 ¼ rt
ﬃﬃﬃﬃﬃﬃﬃ
c=2
p
. Figs. 6 and 7 are corresponding to the real properties deﬁned
by exponential functions and linear functions, respectively. It can be observed that the results from two meth-
ods are almost coincident. It is found that the number of layers M = 6–8 is usually enough to obtain con-
verged results.
In the following analysis, to reveal the characteristics of SIFs for diﬀerent kinds of properties, a central
crack subjected to a constant crack surface loading r0 is considered. The stress intensity factors are normal-
ized by k0 ¼ r0
ﬃﬃﬃﬃﬃﬃﬃ
c=2
p
.
Firstly, the inﬂuences of the Young’s modulus ratio EM/E0 on the SIFs are analyzed. For convenient, the
normalized quantity ln (EM/E0) is used in Figs. 8–11. Since the range of EM/E0 is between 0.1–10, the range of
ln(EM/E0) is ln 10 to ln10 (about 2.3026 to 2.3026).-3 -2 -1 0 1 2 3
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6782 L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–67901. When the real property is deﬁned by exponential functions (seeing Fig. 8), it can be found that k1(a)/k0
decreases with the increasing of ln (EM/E0) and k1(b)/k0 increases with the increasing of ln (EM/E0). More-
over, when ln (EM/E0) < 0, k1(a)/k0 > k1(b)/k0; when ln(EM/E0) > 0, k1(a)/k0 < k1(b)/k0; when ln (EM/
E0) = 0, k1(a)/k0 = k1(b)/k0. Note that ln (EM/E0) = 0 corresponds to the homogeneous materials and
ln(EM/E0) > 0 (ln (EM/E0) < 0) means that the medium gets stiﬀer (softer) from x = 0 to x = h. Thus, it
can be concluded that the normalized SIFs are greater when the crack tip lies in the comparatively stiﬀer
location.
2. When the real property is deﬁned by linear functions (seeing Fig. 9), most of the characteristics are similar
to those in Fig. 8. The main diﬀerence from Fig. 8 is: when ln (EM/E0) < 0, k1(a)/k0 decreases obviously with
the increasing of ln (EM/E0) and when ln (EM/E0) > 0, k1(a)/k0 varies slightly with the variation of ln (EM/
E0). As for k1(b)/k0, an opposite variation to that of k1(a)/k0 is found. From Figs. 8 and 9, another char-
acteristic can be found: k1(a)/k0 corresponding to ln (EM/E0) is equal to k1(b)/k0 corresponding to ln (EM/
E0). It means that k1(a)/k0 corresponding to the ratio EM/E0 = p is equal to k1(b)/k0 corresponding to the
ratio EM/E0 = 1/p. Actually, when exchanging the moduli of both free surfaces, it can be proved that for
the properties deﬁned by exponential functions and linear functions, the properties corresponding to EM/
E0 = p and EM/E0 = 1/p are symmetric about the central line x = h/2 of the strip. Therefore, the symmetry
of k1(a)/k0 and k1(b)/k0 can be observed in Figs. 8 and 9. On the other hand, for the power-law functions
with g = 1/2 and 2, since the above symmetry characteristic of the properties does not exist, the symmetry
of SIFs will not be found in the following analysis.
3. When the real property is deﬁned by power-law functions (g = 1/2), seeing Fig. 10, it can be observed that
k1(a)/k0 decreases obviously with the increasing of ln (EM/E0) when ln (EM/E0) < 0 and then varies slightly
with the variation of ln (EM/E0) when ln (EM/E0) > 0. On the other hand, k1(b)/k0 increases with the increas-
ing of ln(EM/E0). But compared with k1(a)/k0, the varying range of k1(b)/k0 is smaller.
4. When the real property is deﬁned by power-law functions (g = 2), seeing Fig. 11, some diﬀerent character-
istics from Fig. 10 can be found. Firstly, k1(b)/k0 varies slightly with the increasing of ln (EM/E0) when
ln(EM/E0) < 0 and then increases obviously with the increasing of ln (EM/E0) when ln (EM/E0) > 0. Sec-
ondly, diﬀerent from k1(b)/k0, k1(a)/k0 decreases with the increasing of ln (EM/E0). But compared with
k1(b)/k0, the varying range of k1(a)/k0 is smaller.
In the above results, the varying characteristics of SIFs with crack length cannot be observed clearly. In
Figs. 12–15, the varying characteristics of SIFs with crack length for diﬀerent modulus ratio EM/E0 are
depicted.
For the symmetry of k1(a)/k0 and k1(b)/k0, as stated above, only the curves of k1(a)/k0 are provided for the
properties deﬁned by exponential and linear functions, seeing Figs. 12 and 13. Without the symmetry for the
power-law functions with g = 1/2 and 2, the curves for both k1(a)/k0 and k1(b)/k0 are provided in Figs. 14 and
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Fig. 12. Variations of SIFs with crack length when the modulus is expressed by an exponential function.
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Fig. 13. Variations of SIFs with crack length when the modulus is expressed by a linear function.
L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790 678315. From Figs. 12–15, although it is observed that all SIFs usually increased with the increasing of crack
length, some diﬀerent characteristics can be found for diﬀerent kind of properties.
1. When the real property is deﬁned by exponential functions (Fig. 12), the increasing rate of k1(a)/k0 with the
increasing of crack length decreases with the increasing of EM/E0. Therefore, there is no intersection
between the curves.
2. When the real property is deﬁned by linear functions (Fig. 13), some similar characteristics can be found
when EM/E0 < 1. But when EM/E0 > 1, there are some intersection points between the curves. This means
the increasing rate of SIFs with the increasing of crack length is inﬂuenced by EM/E0.
3. When the real property is deﬁned by power-law functions (g = 1/2 and 2), the characteristic of k1(a)/k0 is
similar to Fig. 12, seeing Figs. 14(a) and 15(a). Diﬀerent from k1(a)/k0, the increasing rate of k1(b)/k0
increases with the increasing of EM/E0 when EM/E0 > 1 and there are intersection points between the curves
when EM/E0 < 1, seeing Figs. 14(b) and 15(b).
Finally, an advantage of the present PE model over the traditional multilayered one (HM model) is the
maintaining of property continuity at interfaces between the layers. To demonstrate this advantage, the com-
parison between the results of two cases is provided in Fig. 16. A central crack with the crack length c/h = 0.2
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Fig. 14. Variations of SIFs with crack length when the modulus is expressed by a power-law function with g = 1/2.
6784 L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790is considered. In Case 1, the FGM is divided into ﬁve layers with the crack terminating at an interface between
layers. In Case 2, the FGM is divided into six layers with the crack not terminating at the interface between
layers. The material properties, geometric parameters and boundary conditions are same for two cases. From
Fig. 16, it can be found that the results for two cases agree well. It means that: when using the PE model, we
don’t need to consider whether or not the crack tips will terminate at the interfaces between layers. This
advantage will make it convenient to use the PE model.
5. Conclusions
Many researchers have tried to use the HM model or the LM model to solve the crack problems in the
FGMs with arbitrary properties, but few researchers have considered to approach the arbitrary properties
by using a series of exponential functions. In this paper, the piecewise-exponential model (PE model) is pro-
posed by using a series of exponential functions to approach the arbitrary properties. The advantages of the
present PE model are:
1. The crack problems in a nonhomogeneous layer with exponential function properties are easier to solve
than those with properties expressed by other kinds of functions;
2. In recent years, there are very limited literatures on the theoretical analysis of crack problems in the FGMs
with non-exponential properties. However, for the FGMs with exponential properties, there have been lots
of investigations regarding many kinds of crack problems, which will provide a wide support for the present
PE model to be applied in solving many kinds of crack problems in the FGMs with arbitrary properties.
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Fig. 15. Variations of SIFs with crack length when the modulus is expressed by a power-law function with g = 2.
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L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–6790 6785Therefore, although from the viewpoint of mathematics, exponential function is not as well as linear func-
tions to approach the arbitrary properties, from the viewpoint of solving actual fracture mechanics prob-
lems, using exponential functions to approach arbitrary properties may be much more convenient and
eﬀective.
6786 L.-C. Guo, N. Noda / International Journal of Solids and Structures 44 (2007) 6768–67903. The inﬂuences of the local material nonhomogeneity on the crack-tip ﬁelds can be fully considered. Since
the properties on the two surfaces of the each nonhomogeneous layer are equal to the real properties, expo-
nential function can adequately simulate the real property with less layers than using the HL model.
Some representative samples of diﬀerent kinds of nonhomogeneous properties are considered and the cor-
responding stress intensity factors (SIFs) are obtained to check the validity of the PE model. It is found that:
(1) when the real properties are deﬁned by exponential and linear functions, the symmetry of k1(a)/k0 and
k1(b)/k0 can be observed. However, for the properties deﬁned by the power-law functions with g = 1/2 and
2, there is no such type of characteristic; (2) the varying rate of the stress intensity factors is inﬂuenced by
the Young’ modulus ratio.
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Appendix A
2En1j ¼
ðk 1Þsðsþ idnÞ  ðkþ 1Þkn1j
½2isþ ðk 1Þdnkn1j ; n ¼ 1; . . . ; M and j ¼ 1; 2; ðA1Þ
F n1j ¼ 1; n ¼ 1; . . . ; M and j ¼ 1; 2; ðA2Þ
Bn1j ¼ ð3 kÞln0kn1j=ðk 1Þ  isðkþ 1Þln0En1j=ðk 1Þ;
Cn1j ¼ ðkþ 1Þln0kn1j=ðk 1Þ  isð3 kÞln0En1j=ðk 1Þ;
Dn1j ¼ ln0ðisþ kn1jEn1jÞ;
8><
>: n ¼ 1;    ;M and j ¼ 1; 2; ðA3Þ
En2j ¼
ðkþ 1Þa2 þ ðk 1Þðdnkn2j þ k2n2jÞ
½ðk 1Þdn þ 2kn2ja ; n ¼ 1; . . . ; M and j ¼ 1; . . . ; 4; ðA4Þ
F n2j ¼ 1; n ¼ 1; . . . ; M and j ¼ 1; . . . ; 4; ðA5Þ
Bn2j ¼ ð3 kÞln0a=ðk 1Þ þ ðkþ 1Þln0kn2jEn2j=ðk 1Þ;
Cn2j ¼ ðkþ 1Þln0a=ðk 1Þ þ ð3 kÞln0kn2jEn2j=ðk 1Þ;
Dn2j ¼ ln0ðkn2j  aEn2jÞ:
8><
>: n ¼ 1; . . . ; M and j ¼ 1; . . . ; 4; ðA6ÞThese characteristic roots arekn11; kn12 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2n  cnKn þ c2n=4
q
; ðA7Þ
kn21; kn22 ¼  1
2
dn þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2 þ d2n  4icna
q
; ðA8Þ
kn23; kn24 ¼  1
2
dn  1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2 þ d2n  4icna
q
; ðA9ÞwhereKn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ isdn þ c2n=4
q
; cn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð3 kÞ=ðkþ 1Þ
p
dn: ðA10ÞAppendix B
By using the following formulasR 0
1 e
ky cosðayÞdy ¼ k
a2þk2R 0
1 e
ky sinðayÞdy ¼ a
a2þk2
8<
: ; ReðkÞP 0 ðB1Þ
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2p
Z 1
1
X2
j¼1
B11jq1j
k11j
a2 þ k211j
 !
eisu ds; ðB2Þ
R02ðu; aÞ ¼  1
2p
Z 1
1
X2
j¼1
D11jq1j
a
a2 þ k211j
 !
eisuÞ ds; ðB3Þ
RL1ðhn; u; aÞ ¼  1
2p
Z 1
1
X2
j¼1
BL1jqLj
kL1j
a2 þ k2L1j
 !
eisðuhnÞ ds; L ¼ n; nþ 1; n ¼ 1; . . . ; M 1; ðB4Þ
RL2ðhn; u; aÞ ¼  1
2p
Z 1
1
X2
j¼1
DL1jqLj
a
a2 þ k2L1j
 !
eisðuhnÞ ds; L ¼ n; nþ 1; n ¼ 1; . . . ; M 1; ðB5ÞThen, R0i(u,a) (i = 1,2) can be manipulated asR01ðu; aÞ ¼
Z 1
1
8il01sa2
2pð1þ kÞ½s ik121ðaÞ½s ik122ðaÞ½s ik123ðaÞ½s ik124ðaÞ e
isu ds; ðB6Þ
R02ðu; aÞ ¼
Z 1
1
8l01asðsþ idLÞ
2pð1þ kÞ½s ik121ðaÞ½s ik122ðaÞ½s ik123ðaÞ½s ik124ðaÞ e
isu ds: ðB7ÞBy using the theory of residues, R0i(u,a) (i = 1,2) can be simpliﬁed asR0iðu; aÞ ¼ R0i1ðaÞeuk121 þ R0i2ðaÞeuk122 ; ði ¼ 1; 2Þ; ðB8Þ
whereR011ðaÞ ¼ 8l01k121a
2
ðkþ 1Þ½k121  k122½k121  k123½k121  k124 ; ðB9aÞ
R012ðaÞ ¼ 8l01k122a
2
ð1þ kÞ½k122  k121½k122  k123½k122  k124 ; ðB9bÞ
R021ðaÞ ¼ 8l01aðk
2
121 þ d1k121Þ
ðkþ 1Þ½k121  k122½k121  k123½k121  k124 ; ðB10aÞ
R022ðaÞ ¼ 8l01aðk
2
122 þ d1k122Þ
ð1þ kÞ½k122  k121½k122  k123½k122  k124 : ðB10bÞSimilarly, R0i(u,a) (i = 3,4) can be manipulated asR03ðu; aÞ ¼
Z 1
1
8ilM0sa
2
2pð1þ kÞ½sþ ikM21ðaÞ½sþ ikM22ðaÞ½sþ ikM23ðaÞ½sþ ikM24ðaÞ e
isðhMuÞ ds; ðB11Þ
R04ðu; aÞ ¼
Z 1
1
8asðs idMÞ
2pð1þ kÞ½sþ ikM21ðaÞ½sþ ikM22ðaÞ½sþ ikM23ðaÞ½sþ ikM24ðaÞ e
isðhMuÞ ds: ðB12ÞBy using the theory of residues, we haveR0iðu; aÞ ¼ R0i1ðaÞeðhMuÞkM23 þ R0i2ðaÞeðhMuÞkM24 ; ði ¼ 3; 4Þ: ðB13Þ
Next, RL1(hn,u,a) and RL2(hn,u,a) (L = n,n + 1; n = 1, . . . ,M  1) will be simpliﬁed. When u < hn, they are
manipulated asRL1ðhn; u; aÞ ¼
Z 1
1
8ilL0sa
2
2pð1þ kÞ½sþ i1kL21ðaÞ½sþ ikL22ðaÞ½sþ ikL23ðaÞ½sþ ikL24ðaÞ e
isðhnuÞ ds; ðB14Þ
RL2ðhn; u; aÞ ¼
Z 1
1
8lL0asðs idLÞ
2pð1þ kÞ½sþ ikL21ðaÞ½sþ ikL22ðaÞ½sþ ikL23ðaÞ½sþ ikL24ðaÞ e
isðhnuÞ ds; ðB15Þwhere L = n,n + 1; n = 1, . . . ,M  1.
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whereRL11ðaÞ ¼ 8lL0a
2kL23
ðkþ 1ÞðkL23  kL21ÞðkL23  kL22ÞðkL23  kL24Þ ; u < hn; ð17aÞ
RL12ðaÞ ¼ 8lL0a
2kL24
ðkþ 1ÞðkL24  kL21ÞðkL24  kL22ÞðkL24  kL23Þ ; u < hn; ð17bÞ
RL21ðaÞ ¼ 8lL0aðk
2
L23 þ dLkL23Þ
ðkþ 1ÞðkL23  kL21ÞðkL23  kL22ÞðkL23  kL24Þ ; u < hn; ð18aÞ
RL22ðaÞ ¼ 8lL0aðk
2
L24 þ dLkL24Þ
ðkþ 1ÞðkL24  kL21ÞðkL24  kL22ÞðkL24  kL23Þ ; u < hn: ð18bÞWhen uP hn, RL1(hn,u,a) and RL2 (hn,u,a) can be manipulated asRL1ðhn; u; aÞ ¼
Z 1
1
8ilL0sa2
2pð1þ kÞ½s ikL21ðaÞ½s ikL22ðaÞ½s ikL23ðaÞ½s ikL24ðaÞ e
isðuhnÞ ds; ðB19Þ
RL2ðhn; u; aÞ ¼
Z 1
1
8lL0asðsþ idLÞ
2pð1þ kÞ½s ikL21ðaÞ½s ikL22ðaÞ½s ikL23ðaÞ½s ikL24ðaÞ e
isðuhnÞ ds: ðB20ÞBy using the theory of residues, RL1(hn,u,a) and RL2(hn,u,a) can be simpliﬁed asRLiðhn; u; aÞ ¼ RLi1ðaÞeðhnuÞkL21 þ RLi2ðaÞeðhnuÞkL22 ; uP hn; ði ¼ 1; 2Þ; ðB21Þ
whereRL11ðaÞ ¼ 8lL0a
2kL21
ðkþ 1ÞðkL21  kL22ÞðkL21  kL23ÞðkL21  kL24Þ ; uP hn; ðB22aÞ
RL12ðaÞ ¼ 8lL0a
2kL22
ðkþ 1ÞðkL22  kL21ÞðkL22  kL23ÞðkL22  kL24Þ ; uP hn; ðB22bÞ
RL21ðaÞ ¼ 8lL0aðk
2
L21 þ dLkL21Þ
ðkþ 1ÞðkL21  kL22ÞðkL21  kL23ÞðkL21  kL24Þ ; uP hn; ðB23aÞ
RL22ðaÞ ¼ 8lL0aðk
2
L22 þ dLkL22Þ
ðkþ 1ÞðkL22  kL21ÞðkL22  kL23ÞðkL22  kL24Þ ; uP hn; ðB23bÞwhere L = n,n + 1; n = 1, . . . ,M  1. Similarly, RL3(hn,u,a) and RL4(hn,u,a) (L = n,n + 1; n = 1, . . . ,M  1)
can be simpliﬁed by using the theory of residues asRLiðhn; u; aÞ ¼ RLi1ðaÞeðhnuÞkL23 þ RLi2ðaÞeðhnuÞkL24 þ RLi3ðaÞ; u < hn; i ¼ 3; 4; ðB24Þ
RLiðhn; u; aÞ ¼ RLi1ðaÞeðhnuÞkL21 þ RLi2ðaÞeðhnuÞkL22 þ RLi3ðaÞ; uP hn; i ¼ 3; 4; ðB25Þwhere RL3j(a) and RL4j(a) (L = n,n + 1; n = 1, . . . ,M  1; j = 1, . . . , 3) areRL31ðaÞ ¼ ½ð1þ kÞa
2 þ ð3 kÞd2L þ ðk 3ÞkL23ð2dL þ kL23Þ
ðkþ 1ÞðkL23  kL21ÞðkL23  kL22ÞðkL23  kL24Þ ; u < hn; ðB26aÞ
RL32ðaÞ ¼ ½ð1þ kÞa
2 þ ð3 kÞd2L þ ðk 3ÞkL24ð2dL þ kL24Þ
ðkþ 1ÞðkL24  kL21ÞðkL24  kL22ÞðkL24  kL23Þ ; u < hn; ðB26bÞ
RL33ðaÞ ¼ 0; u < hn; ðB26cÞ
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2 þ ð3 kÞd2L  2ð1þ kÞdLkL23  ð5þ kÞk2L23
ðkþ 1ÞkL23ðkL23  kL21ÞðkL23  kL22ÞðkL23  kL24Þ ; u < hn; ðB27aÞ
RL42ðaÞ ¼ a½ð1þ kÞa
2 þ ð3 kÞd2L  2ð1þ kÞdLkL24  ð5þ kÞk2L24
ðkþ 1ÞkL24ðkL24  kL21ÞðkL24  kL22ÞðkL24  kL23Þ ; u < hn; ðB27bÞ
RL43ðaÞ ¼ a½ð1þ kÞa
2 þ ð3 kÞd2L
2ðkþ 1ÞkL21kL22kL23kL24 ; u < hn; ðB27cÞ
RL31ðaÞ ¼ ½ð1þ kÞa
2 þ ð3 kÞd2L þ ðk 3ÞkL21ð2dL þ kL21Þ
ðkþ 1ÞðkL21  kL22ÞðkL21  kL23ÞðkL21  kL24Þ ; uP hn; ðB28aÞ
RL32ðaÞ ¼ ½ð1þ kÞa
2 þ ð3 kÞd2L þ ðk 3ÞkL22ð2dL þ kL22Þ
ðkþ 1ÞðkL22  kL21ÞðkL22  kL23ÞðkL22  kL24Þ ; uP hn; ðB28bÞ
RL33ðaÞ ¼ 0; uP hn; ðB28cÞ
RL41ðaÞ ¼ a½ð1þ kÞa
2 þ ð3 kÞd2L  2ð1þ kÞdLkL21  ð5þ kÞk2L21
ðkþ 1ÞkL21ðkL21  kL22ÞðkL21  kL23ÞðkL21  kL24Þ ; uP hn; ðB29aÞ
RL42ðaÞ ¼ a½ð1þ kÞa
2 þ ð3 kÞd2L  2ð1þ kÞdLkL22  ð5þ kÞk2L22
ðkþ 1ÞkL22ðkL22  kL21ÞðkL22  kL23ÞðkL22  kL24Þ ; uP hn; ðB29bÞ
RL43ðaÞ ¼  a½ð1þ kÞa
2 þ ð3 kÞd2L
2ðkþ 1ÞkL21kL22kL23kL24 ; uP hn: ðB29cÞ
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